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We formulate a viscoelastic theory of micro-phase separated structures in diblock copolymers in which the local composition is
coupled with the molecular orientation. The linear viscoelastic response is investigated for aligned lamellar structures. Three
kinds of complex moduli and viscosities characterizing an incompressible lamellar structure are obtained up to the leading order
of the coupling.
1 Introduction
Diblock copolymers exhibit various periodic microphase
structures in thermal equilibrium1–11. Rheology of these
mesoscopic structures has been investigated to characterize
their dynamical properties. See, for instance, ref.12 and the
earlier references therein. It is mentioned that different phases
show different rheological properties and hence rheological
measurements are useful to obtain the evidence of the mor-
phological transitions13–16.
There are many computational and analytical studies on the
structural rheology of microphase separated diblock copoly-
mers. Yoo and Vinals17 considered the effects of anisotropic
diffusion and hydrodynamic interaction. They found that
anisotropy of diffusion inﬂuences the grain boundary motion
signiﬁcantly. Giupponi et al18 studied gyroid structure in ﬂow
by computer simulations of amphiphillic ﬂuids by means of
the lattice Boltzmann method. They found ﬂuid-like behavior
for low frequency of viscoelastic response under an oscilla-
tory shear ﬂow. Tamate et al19 formulated an analytical theory
of viscoelasticity for interconnected double gyroid structures.
They considered concentration variation under shear ﬂow and
calculated the energy dissipation due to the deformation of
interconnected structures in the weak segregation limit. The
reversible part of the stress tensor which arises from the con-
centration variations was calculated by the mode expansion.
Their theory relies on the fact that, in the case of a double gy-
roid structure, there are two different magnitudes of reciprocal
lattice vectors22. When the periodic structure is represented
by the fundamental reciprocal lattice vectors having only one
magnitude, such as lamellar, hexagonal and body-centered-
cubic (BCC) structures, the linear part of loss modulus is ab-
sent19.
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The above fact implies that one needs generally to intro-
duce other kinetic variables to describe the structural rheology
of phase-separated diblock copolymers. This is also required
by another consideration. In an aligned lamellar structure in
an incompressible system, there are generally three kinds of
viscosities20. However, it is readily shown by symmetry con-
sideration that those viscosities cannot be obtained by a for-
mulation which contains only a scalar variable such as a local
concentration. Therefore, although the theories in terms of lo-
cal concentration have successfully predicted the equilibrium
phase diagram for micro-phase separated states1,6–8, vector or
tensor variables are necessary to describe the dynamics, in par-
ticular, rheology of mesoscopic periodic structures. We will
return to this problem in section 5.
In the present paper, we address this problem. To the au-
thors’ knowledge, no theories have been available so far to de-
rive three kinds of viscosities or three kinds of complex mod-
uli for lamellar structure in diblock copolymer melts. It is
well known that diblock copolymer molecules are elongated
in a phase-separated state in the direction parallel to the com-
positional gradient21. This occurs even for ﬂexible chains.
Therefore we may introduce a local orientational order cou-
pled to the local concentration. These are perturbed differ-
ently by an external ﬂow and inﬂuences the rheological re-
sponse of the system. We construct dynamic equations for
the compositional ﬁeld and the orientational order parameter
ﬁeld. We analyze these equations by means of the mode ex-
pansion in the weak segregation limit and obtain the rheologi-
cal response of this system. This approach is related, to some
extent, with the theory of smectic liquid crystals. See for ex-
ample ref.23 . In this formulation, a phase variable to repre-
sent the one-dimensional periodic structure is coupled to the
orientational degree of freedom of molecules where, however,
complex compliances are not concerned.
Lamellar structure under shear ﬂow becomes unstable since
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the period tends to be different from the equilibrium one24.
There are theoretical studies for both block copolymers25,26
and smectic liquid crystals23,27–29. This nonlinear effect is
not considered in the present paper but we are restricted to the
linear response focusing our attention on the relations between
several kinds of frequency-dependent viscosities.
The organization of the present paper is as follows. In the
next section (section 2), we introduce a kinetic model which
consists of the local concentration and the local orientational
order parameter. In section 3, general viscoelastic properties
are given for lamellar structure under shear ﬂow. The com-
plex moduli are calculated up to the ﬁrst order of the cou-
pling between the concentration and the orientation degrees
of freedom in section 4. Concluding remarks and discussion
are given in section 5. In Appendix A, the macroscopic stress
tensor is derived in terms of the local concentration and the
orientational ﬁeld whereas, in Appendix B, some of the de-
tails of the viscoelastic response are presented. In Appendix
C, the details of the procedure is described to solve the time-
evolution equations by the perturbation expansion in terms of
the coupling strength of the concentration and the orientational
ﬁeld, and the strength of the shear rate.
2 Model
We consider A-B type diblock copolymer melts. One of the
basic quantities is the local volume fraction of the A block
denoted by f (~x). The other is the tensor of the orientational
order Qi j (~x) deﬁned by
Qi j (~x) =
¿
mim j¡ 13di j
À
; (1)
where mi is the end-to-end vector for the ith molecule. Note
that this tensor is position-dependent since h¢ ¢ ¢ imeans a local
average in a ﬁnite volume around a position~x, which is much
larger than the atomic scale and much smaller than the charac-
teristic length of deformations of phase separated pattern. The
simplest expression of the free energy for micro-phase separa-
























d~yH (~x¡~y)£f (~x)¡ f¯¤£f (~y)¡ f¯¤ : (2)
The repeated indices implies summation. The free energy
without the orientational order parameter was derived by Ohta
and Kawasaki30. The constants L, q , g, and a are all positive
in a microphase separated state. f¯ is the spatial average of f .
The term ¡bQi j(Ñif)(Ñ jf) represents the coupling between
the orientational order parameter and the concentration ﬁeld.
When b > 0 as we assume, each diblock copolymer molecule
tends to align in the direction of the composition gradient. The
homogeneous part of the free energy G(Qi j) for the orienta-




Qi jQi j; (3)
where a > 0 assuming that molecules do not cause sponta-
neous alignment. The kernel H(~x) in the last term in eqn (2)
is deﬁned by
¡Ñ2H (~x¡~y) = d (~x¡~y) : (4)
This Coulomb-type long range interaction originates from the
osmotic incompressibility of diblock copolymer melts30 or, in
other words, from the correlation-hole effects31.
In order to derive the time-evolution equations, we employ
the variational method developed by Doi for dynamics of var-
ious soft matter32. We introduce the local velocity of A and B
components as ~vA and ~vB, respectively and deﬁne the volume
average velocity as
~v= f~vA+(1¡f)~vB; (5)
and the relative velocity between the two components as
~w=~vA¡~vB: (6)
The time evolution equation for the local volume fraction
obeys the continuity equation
¶f
¶ t
+~Ñ ¢ (~vAf) = 0: (7)
We employ the variational method to derive the time-evolution









where p is determined by the incompressibility condition
~Ñ ¢~v = 0, and the Lagrange multiplier q is determined by the







vi jklAi jAkl +
zi j
2
(vA¡ v)i (vA¡ v) j
+
¡
Q˙i j+ vm (ÑmQi j)+Q jmWmi+QimWmj¡li jmnAmn
¢







where zi j, G˜i jkl and li jkl are constants. We assume that vi jkl
depends on Qi j as eqn (21) below. The symmetric velocity























The variations dR=d~vA = 0, dR=d~v= 0 and dR=d Q˙i j = 0 to-
gether with eqn (7) give us
¶f
¶ t
+~Ñ ¢ (~vf) = Ñi[Di jÑ j dFdf ]; (12)













¡ (ÑiQkl)ykl = 0; (14)











= aQi j¡CÑ2Qi j¡bÑifÑ jf : (16)
In eqn (13), the term QikWk j +Q jkWki represents the rotation
of the molecular orientation in the rotational ﬂow and the term
¡li jklAkl represents alignment of molecules in the ﬂow. We
have assumed that the relative velocity ﬁeld ~w does not couple
with the time evolution of the orientational ﬁeld. This is jus-
tiﬁed when the dynamical properties of the two components,
such as the friction constant, are same in the two blocks.
The coefﬁcients vi jkl and li jkl have the following properties.
First of all, we can assume that vi jkl satisﬁes
vi jkl = v jikl = vi jlk = v jilk;
viikl = vi jkk = 0; (17)
which follows from Ai j = A ji and Aii = 0. Onsager’s reci-
procity is represented as
vi jkl = vkli j: (18)
Similarly we may put
li jkl = l jikl = li jlk = l jilk; (19)
liikl = 0;li jkk = 0; (20)
which follows from Ai j = A ji;Qi j =Q ji and Aii =Qii = 0. We
expand vi jkl in terms of Qi j as33
vi jkl = v1
µ




dikQ jl +d jkQil +d jlQik+dilQ jk
¡4
3
di jQkl¡ 43dklQi j
¶
+O(Q2i j): (21)
It will be shown in Appendix C that this expansion turns out
to be an expansion in terms of the coupling strength b .
Hereafter we set the coefﬁcients li jkl , Gi jkl , Di j to be
isotropic constants as ldikd jl , Gdikd jl , Ddi j although these
may be anisotropic generally and functions of Qi j and f . This
can be justiﬁed in the weak segregation limit where the com-
position variation and the orientational order is weak over the
space. From the above relations, the time evolution equations
(12) and (13) are given, respectively, by
¶f
¶ t
+~Ñ ¢ (~vf) = DÑ2 dF
df
; (22)
Q˙i j+Ñn (vnQi j)+QikWk j+Q jkWki¡lAi j
=¡G
h






where we assume that l > 0 such that molecules tend to ex-
tend to the ﬂow direction.
The total macroscopic stress tensor consists of two parts











with V the system volume. The reversible part can be derived
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d~x[Qik (Ñkf (~x))(Ñ jf (~x))





When the orientational order parameter is absent, this agrees
with that derived by Kawasaki and Ohta34. We describe the
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detail of the derivation of (25) in Appendix A. The dissipative















Q jlAil +QilA jl¡ 23di jQklAkl
¶
+ O(Q2i j): (26)
The incompressibility condition Aii = 0 has been used.
3 Theory of linear viscoelastic response for
lamellar structures
In this section we investigate the linear viscoelastic response
for lamellar structures under an oscillatory shear ﬂow given by
vi (xi; t) = g˙i j (t)x j; (27)
with
gi j (t) = g0i j sinwt: (28)
Here g0i j is a constant second rank tensor. There might be
ﬂuctuations of the local velocity ﬁeld around the shear ﬂow
(27) due to deformations of the microphase separated struc-
ture. But this hydrodynamic effects can be neglected in the
case of block copolymer melts except for extremely low fre-
quency regime. It has been argued in ref19 that when the melt
viscosity is proportional to the molecular weight35, the hy-
drodynamic effects are not important in the weak segregation
regime. Actually many viscoelastic theories ignore the hydro-
dynamic effects. See, e.g., refs36,37. Moreover, experimental
data for block copolymer melts are found to be ﬁtted by the
Rouse model without hydrodynamic effects38.
We consider the viscoelastic response of the macroscopic
stress tensor (25) for an aligned lamellar structure. Before car-
rying out detailed calculations, we discuss the general proper-
ties. The normal unit vector~n is deﬁned such that it is parallel
to the fundamental reciprocal vector of the lamellar structure
in the absence of shear ﬂows. Without loss of generality, we
may assume that~n is parallel to the x axis. Up to linear order

































nin j¡ 13di j
¶
nknlg0kl : (29)






















£ g0xx coswt; (30)



















































where only the traceless part is taken into consideration be-
cause the trace part corresponds to the pressure, and the to-
tal pressure is determined by the incompressibility condition.
We may deﬁne similarly the functions Gri (w) and Gdi (w),
(i = 1;2;3) for the reversible parts and the dissipative part of
the stress tensor, respectively.
In the case of an oriented lamellar structure, there are three
fundamental conﬁgurations for applying shear ﬂow as shown
in Fig. 1. In the perpendicular conﬁguration, the normal of
lamellae is perpendicular to both the ﬂow direction and the
velocity gradient direction. In the parallel conﬁguration, the
normal is parallel to the velocity gradient direction but per-
pendicular to the ﬂow direction. In the transverse conﬁgura-
tion, the normal is parallel to the ﬂow direction but perpendic-
ular to the velocity gradient direction. It is readily shown that
when the lamellar structure is periodic along the x axis, the
stress in the ﬂow direction for the parallel and the transverse
conﬁguration is given by Sxy = Syx whereas the stress for the
perpendicular conﬁguration is given by Syz.
It is also remarked that three kinds of complex moduli in
eqn (29) is consistent with the fact that there are three vis-
coelastic constants for lamellar structures under the incom-
pressibility condition39.
4 Explicit form of the stress tensor
Now we discuss the response of the stress tensor. In order
to evaluate the reversible part of the stress tensor given by eqn






Fig. 1 Parallel, perpendicular and transverse conﬁgurations of
lamellae under shear ﬂow.
in terms of the strain gi j and the coupling constant b . In the
weak segregation limit, the concentration proﬁle and the ori-
entational order parameter proﬁle can be written, respectively,
as
f(~r; t) = f¯ +(A(t)ei~q¢~r+ c:c:); (34)
Qi j(~r; t) = Q¯i j(t)+(Bi j(t)e2i~q¢~r+ c:c:); (35)
where~q is the fundamental reciprocal lattice vector for aligned
lamellae, which may depend on time as eqn (76) in Appendix
B under time-dependent strain. Without loss of generality, we
may assume that the amplitude A is real. It is readily under-
stood that the period of Qi j is half of that of f . In order to
avoid complication, we assume that the elastic coefﬁcient C
for the orientational order parameter is sufﬁciently large so
that the spatial variation of Qi j can be ignored, i.e., Bi j = 0.
Substituting (34) and Qi j(~r; t) = Q¯i j(t) into eqn (22) and (23),
or eqn (80) and (81) in Appendix C, one can obtain the solu-
tions in powers of g and b .
As the details of the calculation are shown in Appendix B,
and Appendix C, we obtain the traceless part of the reversible
stress tensor in terms of A(1), Q¯(1)i j , and gi j (t) up to O(g) and
O(b ) as






i j ; (36)
where
Srel;i j = 8agxxA
(0)2 1
q4
(qiq j¡ 13di jq
2); (37)
Sr(1;0)i j = laQ¯
(1;0)
i j ; (38)





















The expressions of A(0), Q(1;0)i j and Q
(1;1)
i j are given in Ap-
pendix C. The term Srel;i j provides us with an elastic constant
of lamellar structure. The terms proportional to gab (t) =
g0ab sinwt describe the elastic response whereas those pro-
portional to coswt the dissipative response.






























































































as eqn (88) in Appendix C. It is noted that only the
symmetric part of the velocity gradient contributes to the vis-
coelastic response, because the antisymmetric part represents
the uniform rotation of the system. Eqn (42) for Srel;xx gives us
the elastic response due to the deformation of lamellar struc-
tures, which exists even when the coupling between the orien-
tational order parameter and the concentration ﬁeld is absent.
Sr(1;0)i j represents the viscoelastic response of molecular align-
ment due to the ﬂow and this contribution exists even when
there is no microphase separated structure. The viscoelastic
response Sr(1;1)i j which is proportional to A
(0)2 arises from the
microphase separated structures and the coupling between the
orientational order parameter and the concentration ﬁeld. The
characteristic relaxation rate relevant to Sr(1;0)i j and S
r(1;1)
i j is
Ga, which is the relaxation frequency of the orientational or-
der parameter. If we take the Rouse dynamics for individual
chains, this relaxation rate is proportional to N¡2 with N the
molecular weight35. When w is much larger (smaller) than
Ga, these responses reduce to the elastic (viscous) response.
This situation would change if we take into account the second
order contribution of the coupling b , because it may contain
the relaxation rate of composition ﬂuctuations.
Finally the above results for the macroscopic reversible
stress tensor can be rewritten in the form of eqn (29) by setting
G
0r




































3 (w) = 0: (55)
Therefore, we obtain a Maxwell-type complex moduli Gr1 and
Gr2 up to the linear order of the coupling constant b . We note
that in the limit w ! 0, only the storage modulus G0r3 (w) re-
mains ﬁnite. Yamada and Ohta40 calculated the elastic con-
stants of several microphase separated structures. The elastic
response given by (54) agrees with that for lamellar structure
obtained by them. There are generally two kinds of elastic
constants for lamellar structure or smectic A liquid crystals41.
One is the dilation and the other is the bending of the layer
structure. In our theory we have obtained only the dilation of
the layer structure since the bending energy is represented by
the higher spatial derivative.
Similarly, the macroscopic dissipative stress tensor can be
derived from eqn (26) and the expressions of Q¯i j in Appendix
C. The ﬁnal results are given by
G
0d
1 (w) = G
0d
2 (w) = G
0d










2 (w) = 2v2Sw; (58)
G
00d
3 (w) = 0: (59)
where S= 2(b=a)q2A(0)2.
5 Concluding remarks and discussion
In this paper, we have formulated a linear vsicoelastic the-
ory for aligned lamellar structures in microphase separated
diblock copolymers. We have applied the mode expansion
method in the weak segregation limit, and evaluated the lin-
ear viscoelastic response up to the ﬁrst order of the coupling
constant b between the composition gradient and the molecu-
lar orientation.
We can evaluate the viscosities of lamellar structure from
the theory developed here. It is well known that there are
three kinds of viscosities for incompressible ﬂuids with uniax-
ial symmetry17,20. The macroscopic dissipative stress tensor
can be written as
SDi j = a1nin jnknlAkl +a4Ai j+a5nkniAk j+a6nkn jAki
¡1
3
di j (a1+a5+a6)nknlAkl ; (60)
with a5 = a6. From eqn (58) and (59), and taking the w ! 0
limit of the loss moduli (51) and (53), we obtain
a1 = 0; (61)








In the disordered state at high temperature, we may put S = 0
so that a5 = a6 = 0 and a4 = 2n1. Comparing this with eqn
(62), one notes that the viscosity a4 for the perpendicular con-
ﬁguration decreases in the lamellar phase provided that the
coefﬁcient n2 which appears in eqn (21) is positive. Since
the loss modulus for the parallel conﬁguration in the low fre-
quency limit is given by a4+a5, this is larger than that for the
perpendicular conﬁguration since the coefﬁcient l in eqn (23)
is positive as we have assumed.
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As long as we have noticed, the complex moduli (50)-
(59) and the viscosities (61)-(63) are new results. There
have been no theories to formulate these linear viscoelastic
quantities for lamellar structures in diblock copolymer melts.
There are some rheological experiments for aligned lamellar
block copolymers. Koppi et al42 carried out dynamical me-
chanical measurements for the three lamellar conﬁgurations
shown in Fig. 1 in sheared diblock copolymer melts. At
higher frequency, the dynamical elastic moduli as well as the
frequency-dependent viscosities are not distinguishable for the
three conﬁgurations whereas these take different values for
smaller frequencies. For example, the viscosity for perpendic-
ular lamellae is smaller than that of parallel lamellae consis-
tent qualitatively with our results mentioned above. However,
their data for the perpendicular conﬁguration become differ-
ent from those for the transverse conﬁguration. Theoretically
the shear stress for these two conﬁgurations should be equal
to each other due to the symmetry Sxy = Syx. This discrep-
ancy at low frequency may be originated from some nonlin-
ear and/or nonequilibirium effects. Shear alignment and rhe-
ological measurements have also been conducted for lamellar
Polystyrene-Polyisoprene block copolymers by Patel et al43
where the loss modulus for parallel lamellae near the order-
disorder transition temperature is larger than that of perpen-
dicular ones in the double logarithmic plot as a function of fre-
quency scaled by the shift factor. This trend is again consistent
with our results. A quantitative comparison seems impossi-
ble because of the large contrast in the viscoelastic properties
between the styrene and isoprene blocks in the experiments
while our theory assumes dynamical symmetry for the two
blocks. We note that there is another experiment for lamellar
Polystyrene-Polyisoprene block copolymers44 in which the
loss modulus of parallel conﬁguration is smaller than that of
perpendicular conﬁguration. However, the experiment was
carried out at 120 ±C which is not close to the order-disorder
transition 164 ±C and the data are outside applicability of the
present theory in the weak segregation. Hahn et al38 have car-
ried out experiments of lamellar block copolymers minimizing
defect density. Their data for the best aligned sample of per-
pendicular conﬁguration indicate that G0 µw2 and G00 µw for
the low frequency regime consistent with the present results.
The present study implies that one has to choose care-
fully the relevant dynamical variables for microphase sepa-
rated structures. As mentioned in the Introduction, the equilib-
rium phase diagram has been obtained successfully by mean
ﬁeld theories essentially in terms of local concentrations1,6–8.
The static elastic theory has also been formulated based on the
similar theories40,45. Dynamics of phase ordering and mor-
phological transitions have been studied extensively by the
time-evolution equations for the local concentrations22,46–48.
However, the viscoelastic properties cannot be obtained prop-
erly only by the local concentrations. This can be seen from
the reversible part of the macroscopic stress tensor (25) which












where f~q is the Fourier component of f(~r) with ~q the funda-
mental reciprocal vectors. The strain dependence of qi as (76)
in Appendix B gives us the elastic constants. The dissipation
due to deformation arises from the relaxation of the concen-
tration f~q. It is obvious that, by expanding f~q in terms of the
shear rate, the stress (64) can produce a term in the form of the
a1 term in eqn (60) provided that~q is proportional to~n. How-
ever, it is impossible to obtain other terms in eqn (60). In the
present study, we have considered the orientational degrees of
freedom and have shown that they contribute to the dissipative
part of the viscoelastic response in lamellar structure.
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A Derivation of the reversible macroscopic
stress tensor
We derive the macroscopic stress tensor Sri j by calculating the
free energy deviation by the following inﬁnitesimal uniform
deformation~u(~x)
~r =~x+~u(~x) ; (65)
ui (~x) = (Ñ jui)x j: (66)
Here we assume that (Ñ jui) is constant in space. Throughout
this paper, we will use the coordinate ri for the moving frame,
and xi for the laboratory frame.
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The variables f and Qi j are transformed as
f 0 (~r) = f (~x) ; (67)
Q0i j (~r) = Qi j (~x)+
1
2








li jkl (Ñkul +Ñluk)




+li jklCkl : (68)
Here we have deﬁned the symmetric deviation gradient tensor








(Ñiu j¡Ñ jui) : (70)
The gradient term is transformed by
Ñi = Ñ0i+(Ñiu j)Ñ
0
j: (71)
Here the prime symbols indicate the derivative in the coordi-
nate system~r. The free energy deviation in the ﬁrst order of ~u



























d~x(Ñ jf (~x))(Ñif (~x))Ñiu j (~x)
¡ C
Z








[(ÑiH (~x¡~y))ui (x)¡ (ÑiH (~x¡~y))ui (~y)]
£ f (~x)f (~y) : (72)
In this derivation, we have employed eqn (67) and (68), and
the following relations under the incompressibility condition
¡ L
Z





d~x(Ñif (~x))(Ñif(~x))Ñ ju j(~x) = 0; (73)
2b
Z
d~xQi j (Ñ jf (~x))(ÑiÑkf (~x))uk (~x)
+b
Z
d~x(ÑkQi j)(Ñ jf (~x))(Ñif (~x))uk (~x)
= ¡b
Z
d~xQi j (Ñ jf (~x))(Ñif (~x))Ñkuk (~x) = 0: (74)
By substituting the expression of yi j given by eqn (16), we
can further simplify this expression as
dF = b
Z
d~x[Qik (Ñkf (~x))(Ñ jf (~x))






d~x(Ñ jf (~x))(Ñif (~x))Ñiu j
¡ C
Z








[(Ñ jH(~x¡~y))(xi¡ yi)Ñiu j]f (~x)f (~y) : (75)
From this, we may deﬁne the stress tensor as
R
d~xs ri jÑiu j and
obtain the formula given by eqn (25).
B Calculation of the viscoelastic response
In this Appendix, we describe the details of calculation of the
viscoelastic response. First we express the reversible stress
tensor in terms of the amplitude A and Q¯i j up to the ﬁrst order
of the strain g . We deﬁne the time dependent wave number as
qi (t) = q0i¡ g ji (t)q0 j; (76)
where ~q0 is the fundamental reciprocal lattice vector of un-
deformed lamellae. Substituting eqn (34), (35), and (82) in
Appendix C into eqn (25), we obtain
Sri j = [¡2Lqi (t)q j (t)+2a
qi (t)q j (t)
q(t)4
]A(0)2
+ 2bqk (t) [Q¯
(1)







+ 2b (qigk j (t)qk+q jgki (t)qk¡ 23di jqkglk (t)ql)A
(0)2









Using eqn (76), this can be evaluated as





































The ﬁrst term on the right hand side vanishes because of the
equilibrium condition q2 =
p
a=L as eqn (88).
C Perturbation expansions
Here we obtain the solutions of the time-evolution equations
calculated by the perturbation expansion. We introduce the
new coordinate~r which moves with the ﬂow
ri (t) = xi¡ gi j (t)x j: (79)





¡LÑˆ2f ¡qf +gf 3+2b Ñˆi(Qi jÑˆ jf)
i
¡ Da ¡f ¡ f¯¢ ; (80)
¶Qi j
¶ t
+ QikWk j+Q jkWki¡li jklAkl
= ¡G
h
aQi j¡b (Ñˆif)(Ñˆ jf)+ b3 (Ñˆif)
2di j
i
+ CÑˆ2Qi j; (81)
where
Ñˆi ´ Ñi¡ g jiÑ j: (82)
The operator Ñi contained in Wki and Akl should not be re-
placed by Ñˆi since it acts on the local velocity. See Appendix
A.
In order to solve eqn (80) and (81) in the weak segregation
limit, we put f(~r; t) and Qi j(~r; t) as eqn (34) and (35), respec-







Q¯i j = Q¯
(0)



























dixd jx¡ 13di j
¶
: (86)









¡ aA(0) = 0; (87)
where O(b 2) terms are omitted. The magnitude of the wave
number q is determined from the minimization of the free en-
ergy. By substituting eqn (86) and (83) into eqn (2), we obtain
¶F
¶q
= L¡aq¡4+O¡b 2¢= 0; (88)
and hence q2 =
p
a=L.
At the ﬁrst order of the shear strength g , equations for the

























































£ (g0xy+ g0yx) ; (92)
dQ¯(1)yz
dt
= ¡GaQ¯(1)yz + 12l (g0yz+ g0zy)w coswt: (93)
We can solve these linear equations exactly, but the solution
is complicated. Instead we expand these equations in terms of
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the coupling strength b as
Q¯(1)i j = Q¯
(1;0)

































GA = 3gDq2A(0)2: (97)




























































































It is noted that, since A(1;0) = 0, there are no contributions to
Q¯(1;0)i j and Q¯
(1;1)
i j from A
(1), and that Q¯(1)yz has no contribution
from the spatial variation of the concentration as can be seen
from eqn. (93).
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